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Abstract: 
Community detection is of considerable importance for analyzing the structure and function of complex networks. 
Many real-world networks may possess community structures at multiple scales, and recently, various multi-resolution 
methods were proposed to identify the community structures at different scales. In this paper, we present a type of 
multi-resolution methods by using the generalized self-loop rescaling strategy. The self-loop rescaling strategy provides 
one uniform ansatz for the design of multi-resolution community detection methods. Many quality functions for 
community detection can be unified in the framework of the self-loop rescaling. The resulting multi-resolution quality 
functions can be optimized directly using the existing modularity-optimization algorithms. Several derived 
multi-resolution methods are applied to the analysis of community structures in several synthetic and real-world 
networks. The results show that these methods can find the pre-defined substructures in synthetic networks and real 
splits observed in real-world networks. Finally, we give a discussion on the methods themselves and their relationship. 
We hope that the study in the paper can be helpful for the understanding of the multi-resolution methods and provide 
useful insight into designing new community detection methods.    
 
PACS: 89.75.Fb; 05.10.–a; 89.75.Hc  
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1. Introduction 
Community detection in complex networks attracted much attention from various fields. Many complex 
networks, including social, biological and technological networks, consist of communities—groups of 
vertices with dense internal connections and sparser external connections [1]. Detecting and analyzing such 
communities in the networks is of considerable importance for understanding the structure and function of 
the networks as well as dynamics taking place on the networks [2-6]. In recent years, many 
community-detection algorithms have been proposed based on various approaches [7-12] (see Refs [1, 13, 14] 
for reviews). Particularly, the optimization of modularity—a quality function for community partition of 
network proposed by Newman and Girvan—becomes one of the most popular strategies for community 
detection [15-21]. Nevertheless, the modularity optimization also encounters some difficulties [22, 23]. 
Especially, it can only produce the community structure at a certain characteristic scale, known as the 
resolution limit of modularity [24]. However many real-world networks may possess community structures 
at multiple scales [1].  
Recently, various multi-resolution methods were proposed and applied to the analysis of complex 
networks, which can easily circumvent the resolution limit and help in discovering multi-scale structures in 
networks [25, 26]. For example, multi-resolution modularity methods with tunable parameters have been 
studied [25, 27, 28]. Statistical clustering methods in data mining have been applied to the analysis of 
multi-scale structure in networks [29, 30]. Some multi-resolution methods are based on the correlation 
between dynamics and multi-scale structures in networks [31-35]. Some methods make use of the local 
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optimization of fitness functions [36, 37]. Some methods are based on Potts model [38-41]. In Ref [42], the 
time of dynamical processes can be used as a resolution parameter.   
In this paper, we propose a type of multi-resolution methods based on a kind of generalized self-loop 
rescaling strategy. We provide one uniform ansatz for the design of multi-resolution methods by the 
generalized self-loop rescaling strategy. Many quality functions for community detection can be unified in 
the framework of the self-loop rescaling. The resulting multi-resolution modularity by the self-loop rescaling 
strategy can be optimized directly using the existing modularity-optimization algorithms with minimum code 
development, because it is only indirectly that the modularity is modified by using this strategy. We apply the 
multi-resolution methods to several synthetic and real-world networks. The results show that these methods 
can find the predefined substructures in synthetic networks and exact splits of real networks reported in the 
literatures. Finally, we discuss the relationship of these multi-resolution methods with other methods and 
related problems.  
 
2. Multi-resolution methods based on self-loop rescaling 
In this section, we will describe the Newman-Girvan modularity. Then, by generalizing the self-loop 
rescaling strategy, we propose one general and uniform ansatz for the design of multi-resolution community 
detection methods, and several multi-resolution methods are derived from the modularity by the self-loop 
rescaling strategy. 
 
2.1. Newman-Girvan modularity 
In reference [43], Newman and Girvan proposed a quality function, modularity Q, to evaluate the quality of 
the found community partitions of networks, which allows the quantification of community structures in 
networks without a priori specifying the number of the communities and their sizes. The value of modularity 
is determined by the network topology, the community partition and the null models as comparison. Given a 
community partition of a network, the Newman-Girvan modularity can be written as  
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where ijA  is the adjacent matrix of the network ( ijA =1 if there exists an edge between vertices i and j, and 
zero otherwise); i ijjk A is the degree of vertex i; iC is the group that vertex i is assigned into; the 
Kronecker delta function ( , )i jC C  takes the value of 1 if vertices i and j are assigned into the same group, 
and 0 otherwise; 2 ijijM A  is the total degree; 
in
sk  is the inner degree of community s, sk  is the total 
degree of community s.  
The null model as comparison is crucial to the definition of modularity. The null model in 
Newman-Girvan modularity is called as configuration model (CM) and is usually preferred because it takes 
into account the degree heterogeneity of network under study. But other null models such as Erdös-Rényi 
null model (ER) recently also received extensive discussions [8, 40]. The modularity provides a way 
objectively to evaluate the quality of community partitions of networks, but it also suggests an alternative for 
community detection—modularity optimization, which is a popular strategy for community detection. 
However, the modularity optimization also suffers from some difficulties [22, 23], such as the resolution 
limit problem widely discussed [24], which can be expressed by 2s t stk k M e  , where sk  and tk  are the 
total degrees of communities s and t, ste  is the number of edges between them, and M is the total number of 
edges in the network. If the inequality is satisfied, the communities s and t will be assigned into one group by 
the modularity-based methods. The resolution limit means that the modularity optimization can only detect 
communities at a certain characteristic scale. This is not compatible to multi-scale structures in many 
real-world networks. Therefore, it is necessary to design multi-resolution methods for community detection.  
  
2.2. General description of self-loop rescaling strategy 
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One of the simplest ways to the resolution limit of modularity is to add a resolution parameter into the 
definition of modularity, resulting the well-known multi-resolution modularity [8, 27, 28]. The 
multi-resolution modularity can be constructed directly by modifying the definition of modularity, but also 
can be derived indirectly from the Newman-Girvan modularity by self-loop rescaling strategy, i.e. by 
rescaling the network topology with a suitable self-loop assignment, because the self-loop rescaling strategy 
is able to indirectly modify the null model in modularity and its weight [25]. And, one of the advantages of 
the self-loop rescaling strategy is that the resulting multi-resolution modularity can be optimized by the 
existing modularity optimization algorithms such as the extremal optimization algorithm [15], the fast greedy 
algorithm of Newman [44] and the fast greedy algorithm of Blondel et al [16]. This clearly enriches the 
application of the modularity optimization algorithms in community detection.  
In general, the mathematical definition of the multi-resolution modularity based on the self-loop 
rescaling strategy can be written as 
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where   is a tunable resolution parameter; ijI is the identity matrix; 
eff
ik  as a function of the adjacent 
matrix, is the effective degree of node i, and 2effii k M ; 
in
sk  is the inner degree of group s; 
eff
s
k  is the 
effective total degree of group s, which is the sum of the effective degree of nodes in group s; other notations 
are the same as in equation (1). The representation above means to provide each node a self-loop of strength 
eff
i ik k   so as to rescale the network topology. The constant term before the summation has no effect on 
the Q* optimization at a given value of  , while it is the necessary result of the self-loop strategy. As we 
see, by the self-loop rescaling strategy, the inequality of resolution becomes 2eff effs t stk k M e   . Clearly, the 
resolution of the modularity with self-loop rescaling can be affected by the resolution parameter   and the 
form of the effective total degree.  
 
2.3. Realization of multi-resolution methods based on self-loop rescaling 
By the self-loop rescaling strategy, the form of the null model and the weight of it in modularity can be 
adjusted at one's pleasure. In the following, we derive several multi-resolution methods by the instantiation 
of the general self-loop rescaling strategy.  
 
(1) Multi-resolution modularity using configuration null model: By setting effi ik k in Eq.(2), equivalently 
to provide each node with a self-loop of strength ( 1)ik   , where ik  is the degree of node i  in the 
network, the multi-resolution modularity can be written as,  
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As we see, the multi-resolution modularity still preserves the configuration null model (CM) in modularity [8, 
43], while adds an important pre-factor of tuning the contribution of the null model. For simplicity, the 
multi-resolution modularity using the CM null model is denoted by ModCM.  
    
(2) Multi-resolution modularity using the Erdös-Rényi (ER) null model: By setting effik k , equivalently to 
provide each node with a self-loop of strength ( )ik k   , where k  is the mean degree of nodes in the 
network, one can obtain the multi-resolution modularity using the Erdös-Rényi (ER) null model,  
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As we see, this method changes the CM null model as the ER null model [8, 43] and adds a pre-factor of 
tuning the contribution of the null model. For simplicity, the multi-resolution modularity using the ER null 
model is denoted by ModER.  
 
(3) Multi-resolution modularity using mixing null model: By setting [( 1) ]/effi ik k k    , one can obtain 
the multi-resolution modularity,  
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Here the effective total degree of group s ( ( 1))effs s sk k k     , where sk  is the total degree of group s, 
and s sk n k  ( sn  is the number of vertices in group s). This method is to simultaneously change the CM 
null model as a mixing null model (MIX) of CM and ER (the MIX model is to vary with  ), and add a 
pre-factor   of tuning the contribution of the null model. For simplicity, the modularity using the MIX null 
model is denoted by ModMIX. When γ=1, the MIX null model becomes the CM null model. When γ is very 
large, the MIX null model becomes the ER null model. Thus, the behaviors of ModMIX may be between 
ModCM and ModER.     
 
3. Application 
From macro- to micro-scales, i.e., from whole network as one group to the network splitting into a set of 
separated nodes, the multi-resolution methods can browse community structures at different levels with the 
increase of their resolution parameters. However, during the intermediate processes of the multi-resolution 
methods, different methods often give different intermediate structures of networks. Here, we apply the 
above multi-resolution methods to several synthetic and real networks to investigate the modular structures 
of the networks (our analysis focuses on un-weighted networks). 
 
3.1. Synthetic networks 
3.1.1 Fortunato-Barthélemy graph 
Firstly, the multi-resolution methods are applied to the graph that consists of two large cliques of 20 nodes 
and two small cliques of 5 nodes (see figure 1(a)), which was proposed by Fortunato and Barthélemy to 
demonstrate the resolution limit of the Newman-Girvan modularity [24]. As we know, the optimization of 
the Newman-Girvan modularity cannot separate the two small cliques, corresponding to the community 
partition marked by {03} in figure 1(b). The above multi-resolution methods are able to find the expected 
partition (marked by {04} in figure 1(b)) that consists of four separated cliques by scanning the resolution 
parameter. It means that the resolution limit of the Newman-Girvan modularity is overcome by the methods 
in region {04}.  
For all the three methods, the plateau region on the left of {03} in figure 1(b) corresponds to the 
community partition consisting of two groups: the one formed by merging two small cliques into the 
adjacent large clique, and the other being the remaining clique. On the right of region {04}, for ModCM and 
ModMIX, we can see a relatively stable plateau region corresponding to a community partition with 42 
groups, resulting from the complete breakup of two large cliques and the maintenance of two small cliques. 
While it is difficult to find this community partition for ModER, as the complete breakup of four cliques 
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seems to appear simultaneously (leading to the network splitting into a set of single-vertex groups). 
Moreover, all the partitions that are stable at a relatively wide region are of importance. But, the length of the 
stable plateau regions, such as {03} and {04} in figure 1(b), are different for different methods. And the 
most stable partitions are also different for different methods. Take the two representative regions {03} and 
{04} for example, the region {03} seems to be more stable for ModCM in according to the length of the 
plateau region, while the region {04} seems to be more stable for ModMIX and ModER.  
 
3.1.2 Homogeneous hierarchical graph  
Secondly, the multi-resolution methods are applied to the homogeneous hierarchical graph with 256 nodes 
and two predefined hierarchical levels in [45] (see figure 2(a)). The first level consists of 4 groups of 64 
nodes and the second level consists of 16 groups of 16 nodes. The number of links of each node with the 
most internal community is 13, the number of links of each node with the most external community is 4, and 
the number of links with any other node at random in the network is 1. Figure 2(b) shows that the three 
multi-resolution methods can easily find the community partitions at the two scales (marked respectively by 
{04} and {16}) by scanning the resolution parameter. While the optimization of the Newman-Girvan 
modularity can only identify the community partition at the first level (four groups of 64 nodes), marked by 
{04} in figure 2(b).  
 
3.1.3 Heterogeneous hierarchical graph 
Thirdly, the multi-resolution methods are applied to the heterogeneous hierarchical graph with 256 nodes 
and two predefined internal levels (see figure 1(a) in [46]). The un-weighted edge connection probabilities at 
each level are the following: Level 2 has p2 = 0.9 between nodes in the same group with group sizes from 5 
to 22 nodes (has 16 groups), Level 1 has p1 = 0.3 between nodes in different groups with merged group sizes 
from 33 to 76 nodes (has 5 merged groups). (Level 0 corresponds to the whole graph of 256 nodes with p0 = 
0.1 between nodes in different merged groups.) Similarly, the optimization of Newman-Girvan modularity 
can only identify the community partition at the first level (5 groups, marked by {05} in figure 3). However, 
as shown in figure 3, the multi-resolution methods can find the community partitions at the two predefined 
internal scales (marked respectively by {05} and {16}). 
 
3.1.4 Clique-star graph 
Fourthly, we apply the multi-resolution methods to a toy model network which consists of a clique of 10 
vertices and four star-like structures of different sizes (see figure 4(a)). As shown in figure 4 (b), the ModER 
and ModMIX methods can find the expected community partition of the network that consists of four 
predefined groups (one clique and four stars), but ModCM cannot identify the expected partition in the 
network. This is because ModCM encounters a kind of limitation in this network—the clique has broken up 
before small communities (stars) become detectable [27, 28]. According to the results in figure 1(b) and 
figure 4(b), the tolerance of ModMIX and ModER against the limitation in these networks seems to be 
stronger than ModCM. Moreover, if we reduce the size of the clique in the toy model, ModCM can escape 
from the limitation. Therefore, when the community size difference is not very large, all the methods will be 
able to find the expected partition in the network.  
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        Figure 1. (Colour on-line) (a) The graph that consists of two cliques of 20 nodes and two cliques of 5 nodes, which was 
proposed to demonstrate the resolution limit of modularity in [24]. This limit is overcome at scale {04}(red) providing 
us with the partition expected. (b) Curves of the  -values and the number Nc of groups obtained at the optimal 
partition for ModCM, ModER, and ModMIX in the graph. The bold solid lines mark the highlighted partitions: 
{03}(blue) for the partition where two small cliques merge, and {04}(red) for the partition where four predefined 
cliques are found. To identify the plateaus for the stable partitions, one can also use other statistical measures, such as 
the normalized mutual information and the variation of information [40]. Other non-highlighted partitions are discussed 
in the main text.   
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Figure 2. (Colour on-line) (a) A homogeneous hierarchical graph with 256 nodes and two predefined hierarchical levels 
in [45] (see the main text). Both levels are revealed by the methods. (b) Curves of the  -values and the number Nc of 
groups obtained at the optimal partition for ModCM, ModER, and ModMIX in the graph. The bold solid lines mark the 
two predefined hierarchical levels: {04}(blue) and {16}(red). 
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Figure 3. (Colour on-line) (a) A heterogeneous hierarchical graph with 256 nodes in [46] (see the main text). The 
predefined hierarchical levels can be revealed by the methods. (b) Curves of the  -values and the number Nc of 
groups obtained at the optimal partition for ModCM, ModER, and ModMIX in the graph. The bold solid lines mark the 
two predefined hierarchical levels: {05}(blue) and {16}(red). 
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Figure 4. (Colour on-line) (a) A toy model network consisting of a clique of 10 vertices and four stars of different sizes. 
(b) The curve of  -value and the number Nc of groups found by ModCM, ModER and ModMIX, in the toy model 
network with communities of different sizes and densities. The bold solid lines {05}(red) mark the expected partition 
where four predefined groups (one clique and four stars) are found. ModCM cannot identify the expected partition in 
the network.  
 
3.2. Real-world networks 
Here, we apply the multi-resolution methods to two real-world networks: the karate club network of 
Zachary [47] and the dolphin social network of Lusseau et al [48, 49], which are two well-known networks 
for testing community detection algorithms. The two networks both were split into perfectly identifiable 
parts during study of researchers (see figure 5(a) and figure 6(a)). An ideal community detection method 
should be able to identify these modular structures without a priori knowledge of these parts.  
By the optimization of the Newman-Girvan modularity, one often finds the community partition with 
four groups for the karate network and the community partition with five groups for the dolphin network, 
while not the real splits of the networks. Figures 5(b) and 6(b) show that the multi-resolution methods can 
find the community partitions representing the real splits of the two networks without misclassification of 
any node, corresponding to the stable plateau regions denoted by {02}.    
 
1 10
1
10

 
N
c
ModER
{02}
1
10
 
 
N
c
ModMIX
{02}
1
10
ModCM
 
 
 
N
c
{02}
(a) (b)
        
Figure 5. (Colour on-line) (a) The network of friendship relations between 34 members in the karate club study of 
Zachary at a US university in 1970 . The network split into two groups during Zachary's study, due to the disagreement 
between the administrator and the instructor of the club (see squares and circles). (b) Curves of the  -values and the 
number Nc of groups obtained at the optimal partition by different methods in the network. The (red) bold solid lines 
{02} mark the community partition corresponding to the real split of the network by the methods. 
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Figure 6. (Colour on-line) (a) The dolphin social network of Lusseau et al [48, 49], constructed from observations of a 
community of 62 bottle-nose dolphins over a period of 7 years from 1994 to 2001. During the study of the observations, 
the dolphin network was divided into two identifiable parts (see squares and circles), due to the temporary 
disappearance of a dolphin (SN100). (b) Curves of the  -values and the number Nc of groups obtained by different 
methods in the network. The (red) bold solid lines {02} mark the community partition corresponding to the real split of 
the network by the methods. 
 
4. Discussion  
By generalizing the self-loop rescaling strategy, we have proposed a more general and uniform ansatz 
for the design of multi-resolution methods based on self-loop rescaling, by which one can construct many 
different (multi-resolution) modularity methods with any expected null models. We have constructed and 
validated three multi-resolution modularity methods of this type, though, in principle, more complicated 
multi-resolution modularity can be obtained by the self-loop rescaling strategy. The AFG method is only a 
special case of this uniform ansatz [25]. Differently from the AFG method, ModMIX is to provide each node 
with a self-loop that is dependent of the mean degree of network under study; while the AFG method is to 
assign to each vertex a self-loop directly by a tunable parameter (which is independent of the structures of 
networks).  
We find that some important quality functions for community detection can be unified in the framework 
of the self-loop rescaling strategy [8, 25, 27, 28, 41, 46]. That is, the equivalent target functions of these 
different quality functions can be derived uniformly by the self-loop rescaling strategy from the 
Newman-Girvan modularity function. It is worth noting that the Potts model has been obtained extensive 
application and discussions in community detection [8, 40, 41, 46, 50]. Each of Hamiltonian based on Potts 
model can find its counterpart of modularity (corresponding to the negative of the corresponding modularity). 
The maximum of modularity is reached when Hamiltonian is minimal, and maximizing the modularity is 
hence equivalent to finding the spin configuration that minimizes the Hamiltonian. We find that, for example, 
the equivalent quality functions of the RN method [46] and the TD method [41] can be given by ModER 
respectively with /( )ER RN RNp p     and /ER TD p  , where 
2
2
k
Mp  . Thus the application of the 
self-loop rescaling strategy may be extended to these studies of the Hamiltonians based on Potts model, 
helping the understanding of the related methods. Moreover, it is shown that the self-loop rescaling, when 
properly defined, does not affect the spectral properties of the networks[51].    
Because it is only indirectly that the self-loop rescaling strategy modifies the Newman-Girvan 
modularity, all the resulting multi-resolution modularity by the self-loop rescaling strategy can be optimized 
directly by the existing algorithms for optimizing Newman-Girvan modularity with minimum code 
development, though some quality functions, such as the Hamiltonian functions in the RN method and the 
TD method, may need some skillful parameter transformations. Moreover, in literatures, many effective 
algorithms were proposed for the optimization of the Newman-Girvan modularity. By using the general 
self-loop rescaling strategy, these optimization algorithms (including the codes of the algorithms) can be 
re-used in the optimization of various quality functions for community detection as well as in the studies of 
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the multi-scale structures of networks. In brief, by the general self-loop rescaling strategy, various quality 
functions for community detection have more choices for the optimization algorithms, but also the 
application of many existing modularity optimization algorithms can be extended in community detection.    
Moreover, some methods or measures in literatures were proposed for identifying the most relevant 
resolutions or the best partitions for the networks. For example, Ronhovde et al used the information 
comparisons among independent solutions to quantitatively measure the best resolutions [40]. It is a topic of 
interest to identify the most relevant resolutions, while it is out of the scope of the paper. As in reference [25], 
we determine the relevant community partitions in terms of the stability of community partitions against the 
change of resolution parameters, i.e. the length of the stable plateaus.   
  
5. Conclusion 
In recent years, many multi-resolution methods have been proposed to discover community structures at 
different scales, based on various approaches. In this paper, we presented a type of multi-resolution methods 
by using the generalized self-loop rescaling strategy. These multi-resolution methods derived by using the 
rescaling strategy, as typical examples of the self-loop rescaling strategy, were applied to several synthetic 
and real-world networks. The results show that these methods can find the pre-defined substructures in the 
synthetic networks and exact splits of the real-world networks reported in the literatures. 
The self-loop rescaling strategy provides one uniform ansatz for the design of these multi-resolution 
methods. Some existing quality functions can find the counterparts of modularity based on the self-loop 
rescaling strategy by suitable parameter transformations. The self-loop rescaling strategy can indirectly 
modify the definition of modularity function by providing each vertex with a suitable self-loop, and thus, the 
resulting multi-resolution modularity can be optimized directly by the existing modularity optimization 
algorithms with minimum code development. This can enrich the choices of the optimization algorithms for 
optimizing these quality functions, but also extends the application of the existing modularity optimization 
algorithms in community detection. We hope that the study in the paper can help further understand the 
multi-resolution methods in community detection and provide useful insight into designing new community 
detection methods.     
 
Acknowledgement 
We sincerely appreciate the careful and professional review of the referees as well as the valuable 
comments for the improvement of the paper. This work has been supported by the Scientific Research Fund 
of Education Department of Hunan Province (Grant Nos. 14C0126, 11B128, 14C0127, 14C0112, 12C0505 
and 14B024) and Hunan Provincial Natural Science Foundation of China (Grant No. 13JJ4045), and partly 
by the Doctor Startup Project of Xiangtan University (Grant No. 10QDZ20). 
   
References  
[1] S. Fortunato, Community detection in graphs, Phys. Rep., 486 (2010) 75-174. 
[2] P. Chen, S. Redner, Community structure of the physical review citation network, Journal of Informetrics, 4 (2010) 
278-290. 
[3] S.-H. Zhang, X.-M. Ning, C. Ding, X.-S. Zhang, Determining modular organization of protein interaction networks 
by maximizing modularity density, BMC Syst. Biol., 4 (2010) 1-12. 
[4] T. Zhou, M. Zhao, G. Chen, G. Yan, B.-H. Wang, Phase synchronization on scale-free networks with community 
structure, Physics Letters A, 368 (2007) 431-434. 
[5] H. Zhao, Z.Y. Gao, Modular effects on epidemic dynamics in small-world networks, Europhys. Lett., 79 (2007) 
38002. 
[6] Z. Liu, B. Hu, Epidemic spreading in community networks, Europhys. Lett., 72 (2005) 315-321. 
[7] F. Radicchi, C. Castellano, F. Cecconi, V. Loreto, D. Parisi, Defining and identifying communities in networks, Proc. 
Natl. Acad. Sci. USA, 101 (2004) 2658-2663. 
[8] J. Reichardt, S. Bornholdt, Statistical mechanics of community detection, Phys. Rev. E, 74 (2006) 016110. 
 10 
[9] B. Karrer, M.E.J. Newman, Stochastic blockmodels and community structure in networks, Phys. Rev. E, 83 (2011) 
016107. 
[10] A.E. Allahverdyan, G.V. Steeg, A. Galstyan, Community detection with and without prior information, Europhys. 
Lett., 90 (2010) 18002. 
[11] A. Lázár, D. Ábel, T. Vicsek, Modularity measure of networks with overlapping communities, Europhys. Lett., 90 
(2010) 18001. 
[12] J. Yawen, J. Caiyan, Y. Jian, An efficient community detection algorithm using greedy surprise maximization, J. 
Phys. A, 47 (2014) 165101. 
[13] J.P. Bagrow, Evaluating local community methods in networks, J. Stat. Mech., 2008 (2008) P05001. 
[14] L. Danon, A. Díaz-Guilera, J. Duch, A. Arenas, Comparing community structure identification, J. Stat. Mech., 2005 
(2005) P09008. 
[15] J. Duch, A. Arenas, Community detection in complex networks using extremal optimization, Phys. Rev. E, 72 
(2005) 027104. 
[16] V.D. Blondel, J.-L. Guillaume, R. Lambiotte, E. Lefebvre, Fast unfolding of communities in large networks, J. Stat. 
Mech., 2008 (2008) P10008. 
[17] A. Medus, G. Acuña, C.O. Dorso, Detection of community structures in networks via global optimization, Physica 
A, 358 (2005) 593-604. 
[18] G. Agarwal, D. Kempe, Modularity-maximizing graph communities via mathematical programming, Eur. Phys. J. 
B, 66 (2008) 409-418. 
[19] S. Lehmann, L.K. Hansen, Deterministic modularity optimization, Eur. Phys. J. B, 60 (2007) 83-88. 
[20] Y. Hu, J. Wu, Z. Di, Enhance the efficiency of heuristic algorithms for maximizing the modularity Q, Europhys. 
Lett., 85 (2009) 18009. 
[21] Y. Sun, B. Danila, K. Josić, K.E. Bassler, Improved community structure detection using a modified fine-tuning 
strategy, Europhys. Lett., 86 (2009) 28004. 
[22] B.H. Good, Y.-A. de Montjoye, A. Clauset, Performance of modularity maximization in practical contexts, Phys. 
Rev. E, 81 (2010) 046106. 
[23] X.S. Zhang, R.S. Wang, Y. Wang, J. Wang, Y. Qiu, L. Wang, L. Chen, Modularity optimization in community 
detection of complex networks, Europhys. Lett., 87 (2009) 38002. 
[24] S. Fortunato, M. Barthélemy, Resolution limit in community detection, Proc. Natl. Acad. Sci. USA, 104 (2007) 
36-41. 
[25] A. Arenas, A. Fernández, S. Gómez, Analysis of the structure of complex networks at different resolution levels, 
New J. Phys., 10 (2008) 053039. 
[26] J. Zhang, K. Zhang, X.-K. Xu, C.K. Tse, M. Small, Seeding the Kernels in graphs: toward multi-resolution 
community analysis, New J. Phys., 11 (2009) 113003. 
[27] A. Lancichinetti, S. Fortunato, Limits of modularity maximization in community detection, Phys. Rev. E, 84 (2011) 
066122. 
[28] J. Xiang, K. Hu, Limitation of multi-resolution methods in community detection, Physica A, 391 (2012) 
4995-5003. 
[29] S. Zhang, X.M. Ning, X.S. Zhang, Graph kernels, hierarchical clustering, and network community structure: 
experiments and comparative analysis, Eur. Phys. J. B, 57 (2007) 67-74. 
[30] E.-Y. Kim, D.-U. Hwang, T.-W. Ko, Multiscale ensemble clustering for finding modules in complex networks, 
Phys. Rev. E, 85 (2012) 026119. 
[31] P.S. Skardal, J.G. Restrepo, Hierarchical synchrony of phase oscillators in modular networks, Phys. Rev. E, 85 
(2012) 016208. 
[32] M.T. Schaub, R. Lambiotte, M. Barahona, Encoding dynamics for multiscale community detection: Markov time 
sweeping for the map equation, Phys. Rev. E, 86 (2012) 026112. 
 11 
[33] X.-Q. Cheng, H.-W. Shen, Uncovering the community structure associated with the diffusion dynamics on 
networks, J. Stat. Mech., 2010 (2010) P04024. 
[34] V. Gudkov, V. Montealegre, S. Nussinov, Z. Nussinov, Community detection in complex networks by dynamical 
simplex evolution, Phys. Rev. E, 78 (2008) 016113. 
[35] H.-J. Li, Y. Wang, L.-Y. Wu, Z.-P. Liu, L. Chen, X.-S. Zhang, Community structure detection based on Potts model 
and network's spectral characterization, Europhys. Lett., 97 (2012) 48005. 
[36] F. Havemann, M. Heinz, A. Struck, J. Gläser, Identification of overlapping communities and their hierarchy by 
locally calculating community-changing resolution levels, J. Stat. Mech., 2011 (2011) P01023. 
[37] J. Huang, H. Sun, Y. Liu, Q. Song, T. Weninger, Towards Online Multiresolution Community Detection in 
Large-Scale Networks, Plos One, 6 (2011) e23829. 
[38] I. Ispolatov, I. Mazo, A. Yuryev, Finding mesoscopic communities in sparse networks, J. Stat. Mech., 2006 (2006) 
P09014. 
[39] M.J. Barber, J.W. Clark, Detecting network communities by propagating labels under constraints, Phys. Rev. E, 80 
(2009) 026129. 
[40] P. Ronhovde, Z. Nussinov, Local resolution-limit-free Potts model for community detection, Phys. Rev. E, 81 
(2010) 046114. 
[41] V.A. Traag, P. Van Dooren, Y. Nesterov, Narrow scope for resolution-limit-free community detection, Phys. Rev. E, 
84 (2011) 016114. 
[42] J.-C. Delvenne, S.N. Yaliraki, M. Barahona, Stability of graph communities across time scales, Proc. Natl. Acad. 
Sci. USA, 107 (2010) 12755-12760. 
[43] M.E.J. Newman, M. Girvan, Finding and evaluating community structure in networks, Phys. Rev. E, 69 (2004) 
026113. 
[44] M.E.J. Newman, Fast algorithm for detecting community structure in networks, Phys. Rev. E, 69 (2004) 066133. 
[45] A. Arenas, A. Díaz-Guilera, C.J. Pérez-Vicente, Synchronization Reveals Topological Scales in Complex Networks, 
Phys. Rev. Lett., 96 (2006) 114102. 
[46] P. Ronhovde, Z. Nussinov, Multiresolution community detection for megascale networks by information-based 
replica correlations, Phys. Rev. E, 80 (2009) 016109. 
[47] W.W. Zachary, Information-flow model for conflict and fission in small-groups, J. Anthropol. Res., 33 (1977) 
452-473. 
[48] D. Lusseau, K. Schneider, O.J. Boisseau, P. Haase, E. Slooten, S.M. Dawson, The bottlenose dolphin community of 
Doubtful Sound features a large proportion of long-lasting associations, Behavioral Ecology and Sociobiology, 54 (2003) 
396-405. 
[49] D. Lusseau, M.E.J. Newman, Identifying the role that animals play in their social networks, Proc. R. Soc. Lond. B, 
271 (2004) S477-S481. 
[50] J.M. Kumpula, J. Saramäki, K. Kaski, J. Kertész, Limited resolution in complex network community detection 
with Potts model approach, Eur. Phys. J. B, 56 (2007) 41-45. 
[51] R. Lambiotte, Multi-scale Modularity and Dynamics in Complex Networks, in: A. Mukherjee, M. Choudhury, F. 
Peruani, N. Ganguly, B. Mitra (Eds.) Dynamics On and Of Complex Networks, Volume 2, Springer New York, 2013, pp. 
125-141. 
 
 
